It is shown that if a non-locally compact topological group G has a compactification bG such that the remainder Y = bG \ G has a G δ -diagonal, then both G and Y are separable and metrizable spaces (Theorem 5). Several corollaries are derived from this result, in particular, this one: If a compact Hausdorff space X is first countable at least at one point, and X can be represented as the union of two complementary dense subspaces Y and Z, each of which is homeomorphic to a topological group (not necessarily the same), then X is separable and metrizable (Theorem 12). It is observed that Theorem 5 does not extend to arbitrary paratopological groups. We also establish that if a topological group G has a remainder with a point-countable base, then either G is locally compact, or G is separable and metrizable. © 2006 Elsevier B.V. All rights reserved.
Our terminology is as in [3] . "A space" in this article stands for "a Tychonoff topological space", "a compactification" is "a Hausdorff compactification". By a remainder of a space X we understand the subspace bX \ X of a compactification bX of X. It is interesting and important to know, how properties of a space X are related to properties of some or all remainders of X. In particular, when does a space X have a compactification with a remainder belonging to a given class of spaces? A famous classical result in this direction is the following theorem of M. Henriksen and J. Isbell [6] : Recall that a space X is of countable type if every compact subspace P of X is contained in a compact subspace F ⊂ X which has a countable base of open neighborhoods in X [1] . All metrizable spaces, and all locally compact Hausdorff spaces, as well as allČech-complete spaces, are of countable type [1] . It follows from the theorem of Henriksen and Isbell that every remainder of a metrizable space is Lindelöf and hence, paracompact.
However, few results of this kind are known. For example, we do not know, when a space X has a compactification with a metrizable remainder, with a paracompact remainder, and so on.
One should expect that properties of a space should be quite different, in general, from properties of its remainders. This is unlike the situation with the whole compactification: the best thing we can expect to happen is that some properties of a space would pass to some compactification. On the other hand, a remainder may be metrizable, while the space itself is not (take a non-metrizable locally compact space), and situations like that are quite typical. So it seems that the study of relationship between properties of a space and its remainders is an important and promising direction of research in the theory of compactifications.
Some new results in this direction were recently obtained in [2] . In this article we continue this line of investigation, and in particular, we strongly rely on a theorem from [2] (see Theorem 3 below). This result is considerably improved in this article (Theorem 5). The resulting theorem, with corollaries, represents one of our main results.
One of the questions considered below is: when a topological group (see [7] ) has a remainder with a G δ -diagonal? Observe that the class of spaces with a G δ -diagonal includes all metrizable and submetrizable spaces, all spaces with a countable network (hence, all countable spaces), and all Moore spaces as well. Thus, the results will be applicable to many classical situations involving spaces with generalized metrizability properties.
If γ is a family of subsets of a space X, and x ∈ X, then St γ (x) = {U ∈ γ : x ∈ U }. Paracompact p-spaces are preimages of metrizable spaces under perfect mappings [1] . A Lindelöf p-space is a preimage of a separable metrizable space under a perfect mapping.
Recall that a space X is a p-space [1] , if in any (in some) compactification bX of X there exists a countable family {γ n : n ∈ ω} of families γ n of open subsets of bX such that x ∈ {St γ n (x): n ∈ ω} ⊂ X, for each x ∈ X. Every p-space is of countable type [1] , and every metrizable space is a p-space.
Clearly, every separable metrizable space has a separable metrizable remainder. Here is a parallel result from [2] :
Theorem 2. If X is a Lindelöf p-space, then any remainder of X is a Lindelöf p-space.
Theorem 2 cannot be extended to paracompact p-spaces, and there are metrizable spaces that do not have a metrizable remainder [2] . The following result was obtained in [2] .
Theorem 3. Suppose that G is a topological group with a compactification bG such that the remainder bG \ G has a G δ -diagonal. Then either G is locally compact, or G is metrizable.
We considerably improve this statement below. We start with a technical result.
Proposition 4.
Let X be a nowhere locally separable metrizable space, and bX be a compactification of X. Let B = {γ n : n ∈ ω} be a base of X such that each γ n is discrete in X. Denote by F n the set of all accumulation points for γ n in bX, and put Z = {F n : n ∈ ω}. Then Z is dense in Y = bX \ X, and each F n is compact.
Proof. Clearly, each F n is compact, and Z ⊂ Y . Let us show that Z is dense in Y . Assume the contrary. Then there is a non-empty open set V in bX such that V ∩ Z = ∅. Hence, V ∩ F n = ∅, for each n ∈ ω.
Put η n = {U ∩ V : U ∈ γ n , U ∩ V = ∅}, for n ∈ ω. Observe, that the family η n is finite, since V ∩ F n = ∅. Therefore, the family, ξ = {η n : n ∈ ω} is countable. Since, obviously, ξ is a base of the subspace V , it follows that the open non-empty subspace V of X is separable, a contradiction. 2 Theorem 5. Let X be a non-locally compact topological group, and bX be a compactification of X such that the remainder Y = bX \ X has a G δ -diagonal. Then both X and Y are separable and metrizable.
Proof. By Theorem 3, X is metrizable. Since X is a topological group, X is nowhere locally compact, and therefore, the remainder Y is dense in bX.
We distinguish two cases: Case 1: X is nowhere locally separable. Fix a base B = {γ n : n ∈ ω} of X such that each γ n is discrete in X, denote by F n the set of all accumulation points for γ n in bX, and put Z = {F n : n ∈ ω}. By Proposition 4, Z is dense in Y and σ -compact. Since every compact space with a G δ -diagonal is separable and metrizable [3] , Z has a countable network. But Y is dense in bX, since X is nowhere locally compact. Therefore, Z is dense in bX. It follows that bX is separable. Hence, the Souslin number of X is countable. Since X is metrizable, we conclude that X is separable. Now it follows from Theorem 2 that the remainder bX \ X is a Lindelöf p-space. However, every Lindelöf p-space with a G δ -diagonal is separable and metrizable (see [5] ). Hence, bX \ X is separable and metrizable.
Case 2: X is locally separable. Since X is a topological group, it follows that there is an open and closed separable subgroup H of X, generated by an open separable neighborhood of the neutral element. Therefore, X admits a disjoint open cover η by separable subspaces. Let F be the set of all points of bX at which η is not locally finite. Since η is discrete in X, it follows that F ⊂ bX \ X. Clearly, F is compact. Since bX \ X has a G δ -diagonal, we conclude that F is separable and metrizable.
Since X is metrizable, X is of countable type. It follows now from Henriksen-Isbell Theorem 1 that the remainder bX \ X is Lindelöf. Therefore, as every Lindelöf space with a G δ -diagonal, the space bX \ X can be condensed onto a metrizable space [3] . It follows that every compact subspace of bX \ X is a G δ -set in bX \ X. Hence, F is a G δ -set in bX \ X, which implies that (bX \ X) \ F is Lindelöf (even σ -compact).
Let us show that the subspace M = (bX \ X) \ F is locally separable metrizable. Take any y ∈ M.
There is an open neighborhood Oy of y in bX such that Oy ∩ F = ∅.
Put P = Oy and λ = {U ∈ η: U ∩ P = ∅}. Since P is compact, it follows from the definitions of P and F that the family λ is finite. Put L = λ. Clearly, L is open and closed in X, P ⊂ L, and L is a separable metrizable space. Denote by bL the closure of L in bX. Then bL is a compactification of separable metrizable space L. It follows from Theorem 3 (see [2] ) that the remainder bL \ L is a Lindelöf p-space. On the other hand, bL \ L has a G δ -diagonal, since bL \ L ⊂ bX \ X. Therefore, bL \ L is separable and metrizable. Hence, bL is separable and metrizable, as a compact space with a countable network [3] . Clearly, Oy ⊂ P ⊂ bL. Hence, Oy and Oy ∩ M are separable and metrizable, that is, M is locally separable metrizable. It follows that (bX \ X) \ F has a countable network, since M = (bX \ X) \ F is Lindelöf. Therefore, bX \ X also has a countable network, since F has a countable network. Hence, bX is separable, since Y = bX \ X is dense in bX. Therefore, the Souslin number of X is countable, since X is also dense in bX. Since X is metrizable, we conclude that X is separable. Thus, X is a Lindelöf p-space (in fact, a separable metrizable space). Therefore, bX \ X is a Lindelöf p-space as well, by Theorem 2. Since bX \ X has a countable network, it follows that bX \ X is separable and metrizable (see [1] ). 2
Of course, the next statement is just a dual version of the above theorem, obviously, equivalent to it. But it is useful, since it provides an easy way to construct non-trivial examples of spaces that do not have a remainder homeomorphic to a topological group.
Corollary 6. Suppose that X is a nowhere locally compact topological space with a G δ -diagonal, and that X is either non-separable or non-metrizable. Then no remainder of X is homeomorphic to a topological group.
Proof. Assume that there is a compactification bX of X such that the remainder is homeomorphic to a topological group G. Since X is a nowhere locally compact, bX can be considered as a compactification bG of G, where bG \ G = X. Since X has a G δ -diagonal, it follows from Theorem 5 that X is separable and metrizable, a contradiction. 2
Recall that a space X is submetrizable if the topology of X contains a metrizable topology. Since every submetrizable space has a G δ -diagonal, we have: Of course, Theorem 5 is not a universal tool for treating "good" remainders; for example, it does not cover the case when a topological group G has a remainder with a σ -disjoint base. However, we can handle this situation with a different argument. Proof. The remainder Y is not compact, since G is not locally compact. Since Y has a point-countable base, it follows by Mischenko's Theorem [3] that Y is not countably compact. Fix an infinite closed discrete (in the space Y ) subset A of Y . Since bG is compact, some c ∈ bG is an accumulation point for A. Clearly, c ∈ G. Since G is not locally compact, Y is dense in bG. Therefore, since Y is first countable, the space bG is also first countable at each y ∈ Y . Since A ⊂ Y , we can fix a countable base η a of bG at a, for each a ∈ A. Put η = {η a : a ∈ A} and ξ = {U ∩ G: U ∈ η}. Clearly, η is a countable π -base of bG at the point c, and hence, ξ is a countable π -base of G at c. Since G is a topological group, it follows that G is first countable and metrizable.
Observe now that Y is a space of countable type, as any space with a point-countable base (notice, that every compact subspace of such a space has a countable base of open neighborhoods in it). Since Y is dense in bG, it follows by Henriksen-Isbell's Theorem, that G is Lindelöf. Since G is metrizable, we conclude that G is separable. In particular, G is a Lindelöf p-space, and hence, Y is a Lindelöf p-space. It remains to apply V.V. Filippov's Theorem that every paracompact p-space with a point-countable base is separable and metrizable [4] . Thus, Y is separable and metrizable as well. 2
Below we show that a non-locally compact topological group G may have a first countable remainder without being separable.
Example 11. Let H be a discrete group of cardinality 2 ω , and S be a countable dense subgroup of D ω , with the subspace topology. Consider the topological group G = H × S. Clearly, G is metrizable, non-separable, and nonlocally compact.
Let bH be a first-countable compactification of the discrete space H . For example, we can take bG to be the "double circumference" of Alexandroff-Urysohn. Then, clearly, bH × D ω is a first countable compactification of G. However, G is not separable.
We should mention that Theorem 5 does not extend to paratopological groups. Recall that a paratopological group is a group with a topology such that the multiplication is jointly continuous. Indeed, the "arrow space" S modeled on the half interval [0, 1) is, clearly, a paratopological group. It has a compactification, the "double arrow" space of Alexandroff and Urysohn, where the remainder of S is homeomorphic to S (thus, this remainder of S is also a paratopological group). Since the space S is submetrizable, but not metrizable, we see that Theorem 5 and Corollary 7 do not extend to paratopological groups. Observe, that the space S has very nice additional properties: it is hereditarily separable and hereditarily Lindelöf, and of countable type.
This last observation suggests to consider, in analogy with the "double arrow" space, when a compact space can be decomposed into two complementary dense subsets, each of which is homeomorphic to a topological group (not necessarily the same). Of course, one example of such compact space is the usual circumference. Theorem 7 below helps to clarify the situation. 
